Voltage unbalance (VU) in residential distribution networks (RDNs) is mainly caused by load unbalance in three phases, resulting from network configuration and load-variations. The increasing penetration of distributed generation devices, such as small wind turbines (SWTs), and their uneven distribution over the three phases have introduced difficulties in evaluating possible VU. This paper aims to provide a three-phase probabilistic power flow method, point estimate method to evaluate the VU. This method, considering the randomness of load switching in customers' homes and time-variation in wind speed, is shown to be capable of providing a global picture of a network's VU degree so that it can be used for fast evaluation. Applying the 2m + 1 scheme of the proposed method to a generic UK distribution network shows that a balanced SWT penetration over three phases reduces the VU of a RDN. Greater unbalance in SWT penetration results in higher voltage unbalance factor (VUF), and cause VUF in excess of the UK statutory limit of 1.3%.
Introduction
Voltage unbalance (VU) is a costly and potentially damaging phenomenon in electrical power systems. VU will affect network losses, the performance of transformers and induction motors, causing overheating, etc. VU is more common in residential distribution networks (RDNs), where a large number of single-phase loads are used. In RDNs, wherever possible, efforts are made to distribute the single-phase loads uniformly over the three-phase supply. It is recognised that it is unlikely that, at a given time instant, electrical loads are balanced in three phases because of the randomness of load switching in customers' homes [1] . Load unbalance is the major cause of VU in existing RDNs [2, 3] . With integration of distributed power generating equipment, such as small wind turbines (SWTs), VU scenarios will change due to the additional power injected at distributed points across the network. This will have increasing impact and importance as SWTs are expected to reach a high penetration level in RDNs over the next two decades [4] . The time-varying output power of SWTs will impact on power required from the RDN's grid connection point, and consequently impact on voltage variation through the system. This has introduced more difficulties in evaluating VU in RDNs.
As stipulated in Engineering Recommendation G83/2 [5] , distributed generation (DG) units rated up to 16 A per phase can be connected to low voltage (LV) networks. In this paper SWTs refer to single-phase, induction machine based, wind turbines, i.e. at 230 V a.c. (alternating current) they are rated less than 3.68 kVA. For simplicity, all the residential-scale SWTs have been taken as 3.5 kVA.
In a three-phase system, the degree of VU is expressed by the ratio (in per cent) between the root mean square (rms) values of the negative and positive sequence voltage components. This ratio is termed as the voltage unbalance factor (VUF). According to UK Engineering Recommendation P29 [6] , the VUF at the load point should be kept within 1.3% and short term deviations (less than 1 min) should not exceed 2%.
When evaluating VU in distribution networks with DG, the three-phase loads were considered as having constant values in [7, 8] . For instance, in [7] , loads in phase A, B and C were assumed to be 60, 120 and 180 kW, respectively. The time varying characteristics of loads should be considered. Moreover, with SWT systems, the time-varying power injection from SWTs can change either, or both, magnitude and direction of a network's power flow. The time-variation in SWT output power should also be considered. Therefore, the application of the time series method (TSM) to power flow analysis can be advantageous [9] [10] [11] [12] . For detailed analysis, a specific time window with a period of a day or a week is usually used. However, the specific time windows cannot provide a global picture of VU and, consequently, cannot indicate the severity of VU of a network under study [13] .
A probabilistic analysis, able to capture the effect of the time varying characteristics but requiring lower computational power, could provide a more realistic study than the TSM [14] . Techniques such as Monte Carlo simulation (MCS) [1, 15] and approximate method [16, 17] have been used for the probabilistic power flow (PPF) analysis of VU. MCS is time consuming as a large number of simulations, e.g., 20,000, are required. To reduce the computational power, an approximate method, point estimate method (PEM), was used in studies [16] [17] [18] [19] . The PEM uses deterministic procedures to solve probabilistic problems through only a few first statistical moments of probability functions, such as mean and variance, of input variables. The PEM calculation can approximate the exact mean of the output quantity of interest.
In [16] , the PEM was used to evaluate the steady operating condition of an unbalanced power system. In this study, the uncertainties (variables) considered were load variation, line/cable parameters and generator unit outage, but the impact of DG was not included. The presence of wind farms was considered in [17] . This paper had two three-phase (balanced) wind turbines integrated into an unbalanced distribution network. However, for SWTs it is more likely single-phase units are installed. In addition, the penetration among three phases is not expected to be perfectly uniform. As this could result in uneven power generation over the three phases, different SWT penetration and distribution scenarios should be considered for the VU studies.
For the PEM, different schemes can be used, including 2m, 2m + 1, and 4m +1 schemes, where m is the number of input variables. The 2m + 1 scheme is considered in this paper, as it was shown to have good performance in terms of both accuracy and computational time [16, 17] .
In this paper, the VU in RDNs with different SWT penetration and distribution scenarios has been evaluated by using the PEM. The randomness of switching of loads and the time-varying characteristics of wind speeds have been taken into account. The proposed methodology, proved capable of providing a global picture on VU probabilities particularly in comparison with TSM approach, has the potential to be used for fast evaluation. This will enable distribution network operators (DNOs) to quantify, in a statistical manner, the VU of the three-phase nodes in a RDN.
System Modelling and Problem Formulation
To evaluate VU in RDNs, variation of loads and variation of power generated by SWTs due to variation in wind speed should be modelled. The processes for each, and the problem formulation, are presented in the following sections.
Load Modelling
Node voltages in a distribution network, related to active and reactive power flow in branches, can be obtained via steady-state power flow analysis. The power flow depends on the instantaneous aggregation of the individual electrical demands of many customers. Due to the time varying characteristics of the loads, it is usually necessary to model system loads on a statistical basis [2] .
The daily residential load profiles used in [20] are adopted for the load modelling in this paper. At a time instant of the day, the aggregated load in each of the three phases is considered as a random variable (three variables in total). Each variable is then discretized and can be expressed as discrete values with their corresponding probabilities, as shown in Equation (1):
where α = A, B or C, refers to the phase specified; Lα(j) is the discrete value of the sum of loads in phase α, and is the number of discrete values; α is the corresponding probability of loads at discrete value Lα(j). At each time instant, the mean and standard deviation of the sum of loads in phase α can be expressed as μ α and σ α , respectively:
SWT Output Power Modelling
Due to the intermittent characteristic of wind speed, SWT output is neither continuous nor stable. The Weibull distribution function is widely used to statistically describe the wind speed distribution, e.g., [21, 22] . The statistical SWT model used in [13] is employed in this work. All wind speed data at a specific time of the day is differentiated into discrete values. With a given SWT power output curve, the discrete SWT outputs and the corresponding probabilities can be obtained, as seen in Equation (4):
where the SWT output power ( ) has + 1 states at which the probability of ( ) is calculated from the discrete wind speeds and the SWT power output curve. ( ) is the probability of SWT output for the th SWT output value, as shown in Figure 1 . has been taken as 10 in the figure. 
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At each time instant, the mean and standard deviation of the SWT output power can be expressed as μ and σ , respectively:
Problem Formulation
For a given network, the line/cable parameters are assumed to be fixed. Due to the area of a RDN, it is also assumed that, at a given time the wind speed is the same for all SWT systems. This means that the output power from all SWTs, disregarding the connection phase, can be considered as one variable. Therefore, the voltage unbalance factor (VUF) is determined by four random variables: loads in phase A, B, C ( , , ) and the output power from a single SWT ( ), which can be mathematically described by Equation (7):
where ℎ is a nonlinear function defined by a power flow analysis and a calculation of the using the results obtained by the power flow analysis.
By adopting the PEM method, specific values of , , and will be provided for the power flow analysis. Details of the determination of these values will be presented in Section 3. Once the complex vectors (including magnitude and angle) of the phase voltages (̇, ̇ and ̇) are obtained by the power flow analysis, the can be calculated using the Equation (8) [6]:
where ̇( 2) and ̇( 1) are the complex negative and positive sequence voltages, respectively.
Methodology
This section presents the details of using the 2m + 1 scheme of the PEM for the VU evaluation. The specific values (points) for the four variables and the corresponding weighing factors are determined. The overall computational procedure for the evaluation is also presented.
Application of the Point Estimate Method (PEM)
This paper employs the 2m + 1 scheme of the PEM. Once the mean of the four variables which determine the , i.e., μ , μ , μ and μ , and their standard deviations, i.e., σ , σ , σ and σ , are obtained by applying Equations (1)-(6), two points for each variable can be calculated using Equation (9):
where ξ , = They are calculated as follows:
is the probability of each discrete value of . is the total number of the discrete values of . For variables , and , is equal to , and for variable , is equal to + 1. The weighting factor for each point of the four variables can be expressed by Equation (11):
where ω , ranges from 0 to 1 corresponding to the specific point shown in Equation (9).
Once the specific value representing the aggregated phase load is determined, this value is evenly distributed and assigned to each customer in the corresponding phase. For the SWT output power, the calculated value is applied to all SWTs in the network. With these assigned values, the power flow analysis is carried out. In the sequence, the for each corresponding point can be calculated by Equation (8).
The 2m + 1 scheme requires a further run of power flow analysis and calculation with the means of all input variables. The corresponding weighing factor of this calculation is obtained by Equation (12):
where is one of the four variables ( , , or ) . ω 0 ranges from 0 to 1. The sum of all ω ,
and ω 0 is unity. Then the mean of the and mean of [ℎ( , , , )] 2 can be obtained by Equations (13) and (14): 
The standard deviation of the can be obtained by Equation (15):
Overall Calculation Procedure
The power flow analysis is carried out adopting a one-day or daily 24-h period with half-an-hour per step. The overall computational procedure for the VU evaluation is depicted in Figure 2 . First, the SWT penetration is assigned to each of the three phases prior to a power flow analysis. At the nth half-hour of the day, the four variables ( , , and ) are then differentiated into discrete values, and the mean and standard deviation of these variables are calculated. This corresponds to Equations (1)- (6) . Thereafter, two points for each of the four variables and the corresponding weighting factors are determined using Equations (9) and (11) . These points are assigned to each customer and SWT system in the network accordingly, with which the power flow analyses are carried out. In addition, calculation using the means of all input variables is carried out considering the corresponding weighting factor. In the sequence, the for the nth half-hour ( ) is obtained by nine simulation-runs and the calculation using Equation (13) . The system repeats this process for every time step until it finishes the simulation for the last half-hour of the day. 
Case Study
Example Distribution Network Model
The proposed methodology is applied to a generic UK distribution network, based on data in [8] . DIgSILENT Powerfactory software (DIgSILENT GmbH, Gomaringen, Germany) is used to simulate the system.
The 33/11 kV network is comprised of six 11 kV radial feeders. Each feeder supplies eight 11 kV/400 V 500 kVA transformers. Five of the 11 kV feeders are modelled as lumped loads, whilst the sixth is presented in details, Figure 3 . One of the 400 V sub-networks on the sixth feeder is modified to represent a RDN (with 3-phase 4-wire underground cables). The three-phase nature and single-phase connections of customer loads and SWTs are considered. There are 110, 150 and 130 houses, respectively, in the three phases (i.e., 390 in total), all with a power factor (pf) of 0.98. As shown in Figure 3 each L represents 10 houses. SWTs, rated at 3.5 kVA with a pf of 0.95, are installed in a proportion of the houses. The simulations reported focus on the VU at the secondary of the 11 kV/400 V transformer (e.g., LV busbar) and the nodes along the LV cables. 
Simulation Scenarios
In this paper, the SWT penetration is calculated by the number of houses having SWT systems installed in relation to the total number of houses in the corresponding phase, i.e., for a penetration of 40%, 44 out of 110 houses in phase A have SWTs installed. As SWTs can be evenly or unevenly distributed, five scenarios are considered, see Table 1 . The highest penetration in this paper is 40%, which considers the cumulative penetration and is a possible projection for a small scale area in a future RDN [4] . 
Simulation Results and Discussion
Simulation Results
Based on half-hourly domestic (un-restricted) load data from 2004 [18] and wind speed data in Camborne, UK for the same year [23] , steady state three-phase power flow analyses are executed and values are calculated. Figures 4 and 5 show the daily probabilistic mean value of s for the five scenarios simulated: Scenario 1 has been included in both figures for comparison purpose. In each Figure (a) relates to at the secondary of the 11 kV/400 V transformer (e.g., LV busbar) and (b) relates to at the remote end of the LV cables. Figure 4a illustrates that, for the cases where SWT penetration is balanced across the three phases (Scenarios 2 and 3), the reduces with increasing penetration of SWTs, compared to Scenario 1 (no SWTs); for the cases with unbalanced distribution of SWTs (Scenarios 4 and 5), the s are higher than in Scenario 1, as shown in Figure 5a , and the VU in Scenario 5 is the worst-case scenario. For each scenario, s at the remote end of the LV cables are shown higher than the LV busbar. The is most likely to exceed the UK statuary limit of 1.3% in the following cases:
Scenario 4-at the remote end of the LV cables during the peak load hours (17:00 to 19:30); Scenario 5-at the LV busbar during peak load hours (17:00 to 19:00); Scenario 5-at the remote end of LV cables during the hours (5:00 to 7:30), (12:30 to 13:00) and peak load hours (15:30 to 23:00).
By using PEM, the standard deviation of the at each time step of the five simulated scenarios can also be obtained using Equation (15) . The standard deviation will help to show the possible range of the . For instance, error bars in Figure 5 demonstrate the standard deviations in simulation Scenario 5. At the LV busbar, the possible can be the mean value ± 0.32% (Note that the value is in percentage.); at the remote end of the LV cables, the can be the mean value ± 0.51%. The average standard deviations of the for the five simulation scenarios are shown Table 2 . This gives a possible range of the corresponding s, but the actual values are not limited to the range. To examine the VU a distribution network experiences at different loading conditions, correlation between the percentage of the peak load and s at the LV busbar were sought. The correlation is represented by a linear trend for each simulated scenario, as illustrated in Figure 6 . The trend suggested in Figures 4 and 5, i.e., higher exists for greater unbalance in SWT penetration, is also indicated here and Scenario 5 is shown to be the worst-case scenario among all the scenarios. Although this work employs a PPF analysis method, the minimum and maximum loads for the simulated scenarios should be checked to ensure they do not exceed the rating of the corresponding transformers. Table 3 shows the loadings of the 11 kV/400 V transformer at different times of the day. Note that the loads at 01:00 and 18:30 are the lowest and the highest of the day, respectively. "*" in Table 3 denotes the power flow from the load side upstream to the grid supply point. 
Comparison between PEM and TSM
When using PEM, errors may be introduced in the process of discretizing the load and wind speed data, e.g. a wind speed 6.4 m/s may be considered as 6 m/s, depending on the chosen discrete values and the width of the speed range. Moreover, although the PEM provides good estimates, error exists due to the estimation characteristics of the PEM.
TSM is a method carrying out power flow analyses in time series with specific values of system load and SWT output power for each time step. This method is accurate as the actual load and SWT output values can be used in the power flow simulations. In this paper, the results of the mean s obtained by PEM are compared with those from the TSM (Table 4) .
Taking the results of the TSM as reference, Table 3 demonstrates that the maximum error introduced by using PEM is 10.9%. In terms of the required computing power, at any time of the day, 9 power flow simulations are needed when using PEM. This is only approximately 2.5% of that the TSM requires, which is 1 power flow simulation (for this specific time of a day) per day over 365 days.
In terms of sampling intervals, a half-hourly resolution is used in this paper. A higher resolution, e.g., 1-min, increases the accuracy of the simulation results. However, when the same sample interval is used by the PEM and TSM, the former requires approximately 2.5% of the computing power that used by the latter.
In addition, the daily probabilistic mean of the s resulting from the PEM provide a global picture of VU probabilities and the likelihood of these values. Nevertheless, PEM has its disadvantages that unlike TSM, the PEM cannot provide a deterministic time-series profile of a node in a network for a specified time frame. 
Discussion
This paper considered the aggregated phase load as a random variable. The load was assumed to be evenly distributed without considering load diversity of individual customers. Firstly, although the load difference between customers may result in some slightly different voltage drops in segments along the LV feeder, the VU is mainly caused by the net load unbalance, related to the difference in the aggregated phase load. Secondly, this paper aims to find a fast VU evaluation method. Considering the amount of computing power reduced by using PEM, the observed accuracy of up to approximately 11% difference from the results of using TSM is not that bad.
In practice, non-uniform distribution of residential loads is likely, even with the same number of houses connected into each of the three phases, as the electrical demand in each customer's home is difficult to forecast. DNOs have limited control of short-term variations in VU. Given these factors, as discussed in [6] , a background VU may exist, but it rarely exceeds 0.5%, and levels in excess of 1% may be experienced at times of high load and/or when unbalanced loads are distributed. Therefore, the initial load arrangement is based on a configuration which can lead to the maximum of a network without SWT systems. The maximum for the studied RDN using the arrangement, i.e., Scenario 1, is 1.07%, within the UK statutory limit.
All loads considered are single-phase loads. As distribution networks in urban areas contain both residential and commercial loads, it is likely that three-phase loads are present. Further study will consider distribution networks containing some three-phase loads.
The impact of SWTs on VU is mainly from the distributed power injection, in this work a number of assumptions have been made, as outlined below.
One assumption is that at all times the wind speed is the same for all SWTs in the segment of the RDN. It is possible that variations in wind speed could exist, even within the small area of a RDN, due to terrain effects, wind shadows, etc. As an example, the SWT distribution in Scenario 5 could happen if the residences in one phase are suitable for SWT installation, e.g., Phase A homes are all located upon a ridge along a hill, and homes in phases B and C are not suitable for SWT installation, as they are located in the wind shadow of the hill. Without knowing the geographical topology and layout of a given RDN it is not possible to model a specific area, nor feasible to consider all options. If the methodology is shown to be valid for this assumed arrangement then utilities would be able to expand the parameter base to include these effects. It is expected that diversity in wind distribution would create wider (or more diversified) differences in power production from SWTs in the three phases.
A second assumption made is that the pf of all SWTs was 0.95. If some or all of the SWTs were inverter-based devices with pf set to unity, the power flow results will change accordingly. The use of pf less than unity creates a specific situation in the RDN which could easily be amended with practical information gathered by a utility.
These assumptions will have an effect on the particular output of simulations; however, as the focus of the work is on demonstrating the ability of the proposed methodology to quickly quantify the VU in a RDN, these assumptions are deemed necessary. Further study on the difference in power production of individual SWTs, based on practical data from wind analysis at various points in a RDN, and energy use by a utility's customer base, should be considered in future work.
A reduction of feed-in tariff rate has been thought likely to impact on uptake of SWT systems by householders. However, there is a cumulatively increasing installation of SWTs in the RDNs. The penetration levels considered in this work covers a reasonable range of likely scenarios for demonstrating the effectiveness of the PEM methodology.
Conclusions
A probabilistic power flow method, point estimate method is applied to a generic UK LV network to evaluate voltage unbalance in residential distribution networks with small wind turbines. The PEM, catering for the randomness of switching of loads and the time-varying characteristics of wind speeds, is capable of providing a global picture on VU probabilities used for a fast evaluation of a network's voltage unbalance factors. This can help better predict and evaluate the voltage unbalance and identify the most effective solutions in regulating the VUF to an acceptable level.
Results show that balanced penetration of SWTs across the three phases of a RDN reduces the VU of a RDN. However, in rural RDNs, where greater unbalance of SWT penetration may happen, the result will be higher VUF, with VUF in excess of the UK statutory limit of 1.3%.
The focus of this study has been on SWTs and the use of PEM to predict the effect of penetration level of SWTs on the VU of future RDNs. However, VU can also be caused by other DG systems possessing a stochastic nature, e.g. photovoltaic, Combined Heat and Power, and their impact can also be evaluated by the proposed methodology.
